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THEORETICAT. MOTIONS OF HYDROFOIL SYSTEMS

By Frederick H. Imlay
SUMMARY

Results sre presented of an investigation that has been under-
taken to develop theoretical methods of treating the motions of
hydrofoll systems end to determine soms of the important parameters.,
Yariations of parameters include three dlstributions of area
between the hydrofoils, twe rates of change of downwash angle with
angle of attack, three depths of Iimmersion, two dlhedral angles,
tWwo rates of change of 1ift with immersion, three longliiudinal
hydrofoll spacings, two radil of gyration in pitching, and various
horizontal and verticel locations of the center of gravity. OGrephe
are presented to show lotatlions of the center of gravity for stable
motion, values.of the stability roots, and motlions following the
sudden epplication of a vertical force or a pitching moment to the
hydrofoll system for numsrous sets of values of the parameters.

: The lateral stgbillty of tandem-hydrofoll systems 1s briefly
discussed, and values of the lateral stability roots are presented
for two longitudinal hydrofoll spacings and two vertical locations
of the center of grevity. 7

The snalysies indicates that 1f only the longitudinal motions
of a hydrofoil system are of interest the present theory should
provide sebtisfactory predictions. An asdequateé theory for the
lsteral motions, howsver, must treat the longltudinal and lateral
motions in combination. The conclusions based on the investigation
are that' a large longitudinel spacing between the hydrofoils, a
large rate of change of 1ift with depth of imuersion, and a horizontal
location of the center of gravity near the center of the region of
stable locations are important coritributions in the attainment of
demlrable characteristice for the longitudinal motion. An appendix
glves an outline of the methods of theoretical treatment used and
presents methods used in computing the required stability derivatives.
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INTRODUCTION

The use of hydrofoils as an alternative to planing bottoms or
hulls for the support of craft operating on the surfece of water has
been of interest for scme time. (See reference 1.) Guidoni
advocated the use of hydrofoils ag a means of improving the take-
off and rough-water performance of sesplanes as early as 1911.

(See reference 2.) Some of the advantages claimed Ffor hydrofoile
over planing bottoms are a better ratic of 1lift to drag on the
water and less sensitivity to ilrregularitlies of the wabter surface.
In addltion, if hydrofoils are used, the hull lines can be designed
to favor good aerodynamlc rathsr than gocd hydrodynamic charac-
teristice, and by retracting the hydrofoils the asrodynamic
performance cen be even further improved. In splte of the evident
advantages of these devices and the attention that they have
recelved, no published work 1s known to exlst on the stability of
motion for systems employlng hydrofoils.

The present paper deals theoreticelly wlth the behavior of a
system supported solely by hydrofoils end is a firet approach to
the problem of developing methods of theoretical tresatment for the
more general case where the interaction of ‘hydrofolls, hull, end
asrodynamic surfacee have to be taken into account. The %reatment
1s based on the theory of -small oscillations end involves assumptions
cusbomarily mede in applying the theory. ({See reference 3.)

Definitions of all symbols used are listed at the beginning
of the asppendizx. e : -

LONGITUDINAL MOTIONS

The longitudinal motlons of a number of hypothetical hydrofoll
systems were investigated by means of calculations based on the
theoretical treatment presented in the appendix. All the computa-
tions were for systems composed of two similar hydrofoils of rectangular
plan form and rectangular tips. The hydrofoils were arranged in
tandem and had an aspect ratio of 6 and a total hydrofoll area of
0.188 square foot. (See fig. 1.) The systems were assumed to have
a mags of 0.256 slug and to operate at a velocity of 20 feset per
second in water having a denslty of 1.97 slugs per cubic foot. The
mase of the system was assumed to include all items such as structure
and additional mass effect. For systems with dihedral the hydrofoil
area, espect ratio, and span wers based on the vwart of the hydrofoil
immersed during the initial undisturbed motion, although unwetted
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parts of the hydrofolls were assumed to project above the water far
enough to. ensure thet the tips were never immersed during disturbed
motions. (See fig. 2.) Most of these dimensional characteristics -

of the hydrofoll systems were chosen to facilitate comparison of the
theoretical motions with the results of contemplated experimental tests.
Changes in the other parsmeters were made to determine their effects

on the stable regions, the stebility roots, and the motions resulting
from disturbancss.

Effect of Parameters on Stable Reglons

The steble region, as used in the present psper, indicates
permissible locations of the center of gravity relative to the .
hydrofoils 1f the longitudinal motions are to be stable. The stable
reglon alone, however, glves no quantitative indication of the
degree of stability. The stable region is bounded by lines that:
rare the loci of center-of-gravity locations for which neutrally
stable longitudlinsl motions occur. The positions of the boundary
lines, and hence the size of the region, vary with changes in the
paremeters of the hydrofoil system and thus’ suggest variations of
the parametere that may be of practical interest for more detailed
study. .

The type of unstable motion ocourring just outside the boundaries
has been noted for each of the stable regions in figures 3 to 9; .
thus, for each stable region, center-of-gravity locations beyond the
rear boundary leed to an unstable divergence, and in most cages
unstable oscillations occur for locations Peyond the front boundary.
The rear boundarv is always located farther to the rear of the front
hydrofoll than would be the - case for & similar pailr of airfoils
because of the additional. demping introduced as a result of the
sensitivity of the hydrofolls to depth of immersion.

In ajdition to the: se1ection of a center -of-gravity location .-
that lies within.the stable region in order to meet the requirements
for stabllity, certain supplementery practical factors must be .
congldered. For example, negative 1ift on elther hydrofoil should.
be avolded; otherwise momentary uncovering of the hydrofoil (as by
&8 vave trough) will be followed by nosing-over if the rear hydrofoll -
is operating at negative 1ift, or nosing-up if the front hydrofoil
"is operating st negative lift. Furthermore, the longlitudinsl .
location of the center of gravity is also restricted by the maximum ™
posltive 1ift obtainable, and may be influenced by the desirability
of operating the hydrofoils near their maximum 1ift-to-drag ratics,
The net effect of such restrictions is to reduce the usable part of
some of the computed stable regions shown in figures 3 to 9.
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In the present study, where the effects of power are neglected,
the vertical center-of-gravity locatlon selected appears to be of
secondary importance, low locations being somewhat advantageous .
The effects of power, however, will undoubtedly have an important
bearing on the choice of the vertical center-of-gravity location.

Distribution of area.- The effect of the distribution of area
betwsen the two hydrofoils on the extent of the stable reamion is
shown in figure 3. The plan-form arrenrements assumed for the |
three distributions treated are shown .in figure 1. In arrangement 1
the hydrofoils were identical; in the other two arrangements the
ratio of the distribution of area was l:4 and the arrangements
differed only in the location of the larner hydrofeil. All the .
arransements had the same total hydrofoll area of 0.188 square foot.,
The horizontal distance between .the assumed hydrodynamic centers of
the hydrofoils for all arrangements was 10.0cy, where ¢) ig the
chord for the arrangement with two equal hydrofoils, and the assumed
hydrodynamic center was located at the quarter-chord voint of the
center section. All the hydrofolls were assumed -to.be immersed l.0cy
at the hydrodynsmic center during the initial undisturbed motion.

TFigure 3 shows that the conflguration with the small surface
ahead (arrangement 3) gave the largest useful stable region. The.
rearward extent of the stable region for the arrsngement with two
hydrofoils of equal area (arrengement 1) was considered adequate,
however, and because this arrangement permitted certain simplifica-
tions in the calculations, it was used for the rest of the work,
The configuration having the mein surface ahead (arrangement 2)
would, from thecretical consideratlons, be the most efflcient
arrangement for developing 1ift but has a conslderably more limited
range of stable center-of-gravity location than do the other -
arrangements. . '

Rate of change of downwasgh.- In a tandem-hydrofoil system the
downward veloclty produced in the fluld by the front hydrofoll reduces
the effective angle of attack of the rear hydrofoil by the amount of-
the downwash angle e. The downwash angle is a function of the 1ift
on the front hydrofoll and hence varies with angle of attack. The
rate of change of downwash.angle with angle of ettack, which is the
factor of interest from the standpoint of stabililty, will be represented
by the symbol ¢&,. The value of ¢, will probably be intetmedlate

(¢
between zero and the theoreidical ultimate maximum €y, = ;%i —m—Lll

but-to determine the value accurately would require an 1nvastig%tion
of downwash near a free surface. Corresponding limiting values of- ¢,
which are given Instesd of €y 1n the figures for the sake of

brevity, are zero and twice the induced angle of attack oi. In order
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to show the influvence of the rate of change of downwash on the

nature of the stable reglon, computations were made for these two
oxtremes, and the wesults for a . system having two equsal hydrofolls
are shown in figvre 4. An increase in the variation of downwash .
with o shifts both boundaries forward without appreciably altering
the size of the stable region. o

The effect of downwash for the other hydrofoil arrangements was
found to be similar to that indicated by fisure b for the arrangement
with two equal hydrofolls. Because thers was no pronounced change
in the size of the steble region with change in downwash, the )
condition of zero- rate of change of downwash with o was assumed in
most of the remaining calculations, ) ) e

The true boundaries of the steble region for the system treated
in figure L lie somewhere within the bands defined by the boundaries
for € =0 and € = 2a4, but accurate definition of the boundarles
requires that € be known. Conservative estimates will be obtained,
when the value of ¢ 18 not known, if the assumptions are made that
€ = 2 for computing ths location of the rear boundery and that -
€¢ = 0 for the front boundary.

Depth of immersion.- The 1ift and drag obtained from a hydrofoil
depend upon the depth of lmmersion 2z, of the hydrofoil in the water.
Bacause appreciable changs in the depth of immersion may occur under
normal operating conditions, computations of the stable reglon were
made for immersion depths of 0:5¢y;, 1.0c3, and 1.5¢1. (See fig. 5.)
Limlts of the stable reglon were not altered to any important extent
by the assumed changes in the depth at which the hydrofolls operate.

Dihedral angle .~ The effect on the stable region of increasing
the dihedral angle I’ of the hydrofoills from 0° to 30° is shown in
figure 6. Both the front and the rear boundaries of the stable
reoglon were affected by the dihedral in such a way that the increase
in dlhedral increased the size of the stable region. . . —

Increasing the dihedral angle from 0° to 30° resulted in an
assoclated increase in vertical demning. It appeared reassonable .
that the improved stability obtained by changing the dihedral might
have resulted from this increased vertical damping; consequently
the effect of arbitrarily increasing the verticel damping for the
hydrofolls with a dihedral angle of 0° was studied and the results
are discussed in the next section.

Rate of change of 1ift with immersion.- If the depth of immersion
of a hydrofoll is changing, the 1lift is also changing, and the rate _
of change can be exvressed by the vertical-damping derivative BCL/BZ'.
It 18 belleved that the increased stebility which accompanied the
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increase in dihedral engle from 0° to 30° (discussed in the preceding
section) may have been brought about by the resulting increase in

the velue of OCr/dz'. Inasmuch as a further increase in dihedral
angle would decreass the value of the derivative, en explanation of
the increase in dCp/dz' when the dihedral was chenged from 0° to 3P
may be of interest.

In order to avoid the mathematical difficultles of treating
discontinuons derivatives the assumption was made in the present
study, for the case of hydrofoills with dihedral, that a. normally
inactive part of the hydrofoll extended sufficiently far above the
water surface to keep the hydrofoil fram being completely immersed
at any time during disturbed motion. (See fig. 2.) As a result of
thig assumption, hydrofoils with dihedral have a larger variation of
1ift with change in depth of immersion than do hydrofoils with
0° dihedral because of the increased area brought into action when
the hydrofoil slinke deeper into the water, This variation in active
area beccmes grester as the dihedral sangle becomes smaller.

The effect on the stable reglon of Increasins the value of
BG&/GZ' - for each hydrofoil to twice the value that the hydrofoils
haed with 30° dihedrel, but heving other characteristics the same as
for 0° dihedral, may be seen by comparing figures 6 and 7. Doubling
the value of. BCL/BZ' shifts the rear boundary of the stable region
back considerably and produces pronounced changes in the fronz
boundary. The former boundary for unstable oscillationas now becomes
an unstable "hump" in the region with a new front boundary ahead of
the hump. The nevw forward boundary represents conditions for an
unstable divergence, but the boundary le too far ahead of the front
hydrofoil to be of any practical interest.

Longitudinal hydrofoll spacing.- The effect on the stable
region of increasing the longltudinal spacing of the hydrofolils from
10cy to 20cy is shown in figure 8. The larger spacing results in a
very large increase in the steble region and in the replacement of
the front bowmdary that indicated unstable oscillations by a new
front divergent boundary. The new frornt boundary is well shead of
the front hydrofoil, which is the practicsl limit-of forward center-
of-gravity location. '

The absence of a boundary for osclllatory instability for the
system with a spacing of.EOCl suggeats that the large amount of
damping in pitching for this spacing, relative to the piltching radius
of gyration Ky, might result in overdsmping and thus prevent the
system from having any oscillatory motion. Calculations with Ky
reduced ta give a sgimilar relatlon between inertia and damping for
the small spacing of-10c,, made to check the hypothesis, showed that
oscillations were still obtalned; thus, it appears that the adsence
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" The pronqunced. inoréase in the size of & o
the.lqnéitudiﬁalugéaq;ng of  the hydrofoils is incressed-indicates: .1
that.s large. spacing is desizable.in order: to minimize the effeots-of
unavoidgble changes in center-of-gravity locatlon, encoviiered tn .-
practice., In a previovs.sectign entitled "Distribution-@f.Areat. :is
a'séacing;ofiIOci'waQ-uééﬁhih}%@g calculations.mede-to ghudy the © _-:
effects of dlstribution of area. If a larger spacing-haf been:amens
uged, it would possibly have resulted in a sufficient gain in the
size of the stable region for the arrengement with the large

hydrofoil forward to make this configuration of practical value.

Radius of gyration in pitching.- The marked increase, in
permissibie horizontal center-of-gravity movement when Xy 18
veduced 1s indicated in figure 9, where the steble range of
horizontal center-of-gravity locetion is shown for zero vertlcal
elevation of the center of gravity with Ky reduced to one~fourth
the value used previously. The pronounced effects of reducing Ky
irdicate that increased values of Ky, whlch are more 11kely %o
be used, should receive attention becanse of possible adverse effects
on the characteristics of the longitudinel motions. o

BfPect of Parameters on Stab;lity Roots

When the equations of motion are solved, the otion is obltalned
as the sum of & series of components called modes. Stability roots,
wh;ch_indiqqtaﬁthe:desxge“gfusﬁab;;ity_ththenvaniggsuqodgs,:cqn
elso be obtainsd from the equations of motion wilhowk effecting s -
éomplete solution of the‘equationg, A more detailed discussion of

the significence of the stability roots is céntsined 1n . fhe appendix,

of reference k. Informaticn obtained ﬁrdm;th§;ata§§1%ty;rgq@§51§ s
most useful when the relative magn;tudelqrﬁimpéiﬁancé of ‘the variqus

modes 1s known, because the roots then_prov;déiétglﬁéité-ﬁgg nature : .

of the complete motion. = N A s e

Y-S Fo oy

Tn the present analysis, four stabllity roote A are chtained
from the longitudinel equations of motlion and are distinguished by
the subscripts 1 to 4. The nature of the rocta changes with '
variations in the parameters of the hydrofoil system. A typlcal
variation in the resl parts of the roots is shown in figure 10, In

genersl, when the magnitudes of any two real roots becoms equal, the o

two real roots are replaced by a conjugate pair of complex roois,
each having the same magnitvde for the rsal part. Thus, such palrs ’
of complex roots In figure 10 are indicated by a double line and an
appropriate modification of the subscript. The maegnitude of the real

ho:-stable reglon woen: =
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part fof such complex pairs of roots should be vead off the plote at
the center of the double line.

For every real root obtalined fTrom the equations of motion the
ccmplete solution wll_contain aen aperiodic mode, or camponsndt,
of the motlon, Likewlise, for every palr of comnlex rocts the motion
will contain an oscillatory component. When the marmitude of the
real part of any of the roots passes throvgh zero, the motion beccues
unstable .

Horlzontael center-of-gravity location.- The effect of changling
the horizontel location of the center of gravity on the real parts
of the sgtability roots 1s ghowvm in figure 10 for a system of two
equal hydrofoils with 30° dihedral. For center-of-sgravity locations
ahead of the hydrodynamic center of the front hydrcfoil, two resl
roots A3 &and Ay, and a palr of complex roota ka j exist. When
the center of gravity is _.160 shead of the front’ hydrofoil the
A3.} rcots are unstable, which Indicates that the center of gravity
hés reached the forward bowundary of the stable region. As the center
of' gravity 1s moved rearward, the stabllity slowly Improves for the
oscillatory component of the motion represented by the Ag,y Toots,
Meanwhile the magnitudes of the AL and Ap roots approédch each
other and Lecome equal when the center of gravity is about 1l.5¢cq
behind the front hydrofoil. With farther rearward movement of the
center of gravity the roots are coupled as two oscillaticns
represented by Ay, and A When the center of gravity is
moved back to the vicinity o% & 5c9 behind the front hydrcfoil rather
rapid changes in coupling occur, ﬂich finally result ir e yeal
root Ay wilth a large amount of dampinﬂ, a complex pair Ap;3 with
moderate damplng, and a real root AL with slight damping. Vhen the
center of gravity 1s moved back to a voint 5. hgc behind the firont
hydrofoil, the magnitude of the Ay root becomes zero and the rear
bowmdary of the stable reglon has been reached. -

The behavior of the roots ag’ ths horizontaJ location of the
center of gravity is changed indicates that the type of motion caused
by disturbances will e comnsiderably influenced by the longitudinal
location of the center of gravity .

Rate of change of downwash.- The effeot on the stability roote
of assuming the downwash anfsle ¢ to ‘he 2a4 Insteasd of zero cen be
seen from a comna:ison of filgures 10 and.ll. No pronounced change
in the roots occurred with variation in ¢, except for a shift of
the pattern of root couvlings with respect to the horizontal cenber-
of-gravity location; this result is conalgtent with indicatione
obtalned earlisr from a study of the. influence of . ¢, on the stable
reglon. Hence, for the rest of, the work the value of . €q was
agsumed to be zero. *
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Dihedral.- The influence on the stability roote of changing the
dihedrel engle from 30° to 0° is evident when figure 10 is compared
with figure 12. The difference in the rate at which the As.3
oscillation develops with rearward center-of-gravity movement for
the two dihedral angles accounts for the dlfferent appearance of
the right side of the diagram in the two figures. The most
jmportant feature disclosed by the comparison is the improvement,
brought about by the use of dihedral, Iin damping of the component
of motion involving the root Ay .or the complex palr Ag.).

Vortical center-of-gravity location.- Figures 13 and ik
together with figure 10 show the effect on the stebility roots of
varying the vertical center-of-gravity location from a point on a
level with the hydrofoils to a point 1Ocy above the hydrofoils. A4s
hed been indicated by the diasgrams of the stable reglons, no
pronounced changes cccur in the nature of the roots when the vertical
center-of-gravity location is shifted. T

Rate of change of 1ift with immersion.- The effect on the
stebility roote of making the value of BCL/BZ’ twice that for
30° dtihedral is evident iFf fisure 15 is contrasted to figure 10.
Doubling the vertical-demping derivative caunsed marked improvement
in the X\, ) oscillation, which suggests that the similar improve-
ment in dgmping obtained by increasing the dihedral angle from
0° to 30° was a result of the associated increase in the value
of 305 /32" - R

Effect of Parameters on Indicial Responses

An indicial resvonse is the motion resvliting from a unit force
or moment suddenly applied te the hydrofoil system at zero_time and
held constant thereafter. The indicial responses are of interest
because they are of ths seme general character as the motions
produced by types of disturbance that are likely to be encountered
in prectice.

The longitudinal equations of motion (egquations (9)) involve
three variabless hence three indiclal responses are necessary to
define the motion caused by any specific unit disturbance. The
three indicial responses may be convenlently represented by the
symbols a,, z'y, &and 6, for the change in angle of attack,

vertical position, and engle of pitch, respectively, when the motion
is caused by the sudden application of a wnit Cp-force to the
hydrofoil system. Similarly oy, 2'p, and 6, are the response
factors for a sudden unit Cp disturbance. i L .
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The indicial responses are functions of nondimensional time s,,
typical variations of which are shown in figure 16. The magnitude
of disturbances actually encountered, when expressed in coefficient
form, will usually be considerably less then wnity; consequently, the
actual motions experienced will be of proportionately emaller magnliuvde
than the iIndicisl responses presented but will have the same type of
varistion with time. Values of the indiciasl Fesponses after the
disturbance has been absorbed by the system and new steady-state
equilibrium conditions have been reached are represented by short
horizontal lines at the right alde of the plots. Buch steady-state
values are not énly new equilibrivm conditions for sudden disturbances
but also represent new trim conditions after gredual changes in the
load condition, such as would result from the use of fuel,

Horlzontal center-of-gravity location.- Indicial responses for
a unit Cg-disturbance applled to a system of two equal hydrofoils
with zero dihedral are plotted egeinst nondimensional time in
figure 16 for several horizontal locations of the center of gravity.
Values of xy used in figure 16 were selected to give center-of-
gravity locations covering all the types cf root coupling shown in
figure 12. If the center-of-gravity locations used in Pigure 16
are noted on the dlagram of the corresponding stable region (see
fig. 3), the following pointe are evident:

(1) A center-of-gravity location near the front boundary of
the stable region is conduclve to motions characterized by pronounced
oscillations.

{2) A more rearward location of.the center of gravity reduces
the prominence of* the oscillations but increases the wlitimate
deviation from the attitude that existed before the dlsturbance.

(3) For center-of-gravity locations near the rear boundary, no
discernible oscillation is noted, but very large departures from the
initiel condition occur.

Comparison of the maximm deviations for the three center-of-
gravity locations of figure 16 shows that, during the interval of
time covered by the curves, the smallest amplitude of motion of the
hydrofoll system occurs for the case with the center of gravity back
35 percent of the distence 1 between the two hydrofoills. The
deviation caused by a given disturbance repidly becomes greater as
the center of gravity is moved back of the optimum location, with the
result that for such rearward locations a very slight disturbance
would bring the hydrofolls to the surface or cause them to sink very
deep Into the water. Location of the center of gravity any apprecisble
distance ashead of the optimum location appears wndesiradle because of
the pronounced oscillatory motions involved. Such motions would
be both uncomforteble and difficult to control.



NACA TN No. 1285 11

Indicial responses for a wnlt Cp-disturbance, for the same
conditions as for figure 16, are plotted in Tigure 17. The
dlscussion of the effect of change in horizontal csnter-of-gravity
location on the indicilal responses for a unit Cy-disturbance aleo
applies for a unit Cp-disturbance, with the exception that the
amplitudes of the motlons are leasst for the most forward center-of-
gravity location consldered, instead of for the middle location.
The oscillations are much more persistent, however, for the forward
location than for the middle location.

Because of the large response factors involved for either type
of disburbence, even when the best center-of-gravity locatlion is
selected, motione for hydrofoils with no dihedral will involve large
emplitudes whenever a sglight distuwrbance is encountered; hence, 1t
appears evident that such a type of hydrofoil will not give satis-
factory performsnce. This conclusion applies only to the arrangement
Investigated, where the hydrofolls always remaln completely submergeds
and 1t shovld not be extended to cover ladder srrangements, for which
g change in effective arees with immersion depth produces sffscts
similar to those for partly immersed hydrofoils with dihedral,

Dihedral angle.- The effect on the indicial responses of
Increasing the dihedral angle from 0° to 30° may be obtained by a
comparison of figures 18 and 16 for & unit Cy-disturbance, and of
fTigures 19 and 17 for a wnit Cp~disturbance. The figures indicate
that the effect on the naturs of the motions of chenging the
horizontal center-of-gravity location 1s much the seme as that
indicated in the preceding parts of the present paper. Thus, the
most deslrable center-of-gravity location appears to be about 3.50¢cy
back of the front hydirofoil, as in the case for O° dihedral angle.

At any particular horizontal location of the center of gravity the
increase in dlhedral causes an appreciable reduction in the indicial _
regponges. The reduced sensitivity to dlsburbances when ‘the dihedral
engle was increased from 0° to 30° may have been a result of the
corresponding increase in vertical damping. In such a case, as
mentloned in the discussion of steble reglons, a further increase in
dihedral would have an effect opposite to that caused by this initial
increase in dlhedral. o

Rate of change of 1ift with immersion.- The effect of varying
the rate of change of 1ift with immersion on the indiciel responses
for a unit Cy-disturbance may be seen from a comparison of
figures 16, 18, and 20. Figures 16 and 18 give the indicial responses
for hydrofoils with dlhedral angles of 0° and 30°, regpectively;

. Whereas for figure 20 the rate of change of 11ft with immersion
is assumed to have a velue twice that for hydrofoils of 30°
dihedral sngle but to have other hydrofoil charecteristics the
seme as for 0° dihedral angle. If the case for the center of
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gravity at 3.50c, 18 selected in each of the figures, comparison
shows the direct relstion betwsen good riding charactsristics and
& large value of JCp/dz'. Tt appears, therefors, that a large
value of 30r/dz' should be attained by the use of arrangements
such ag hydrofoils with dihedral for which the effective area
changes with immersion depth, or by the use of some device that
changes the angle of attack when the height varies. Figure 21
gives deta corresvonding to the data of figure 20, but with a
unlt Cy-disturbance assumed. Results for the several center-of-
gravity locations assumed in figures 20 and 21 indlcate the same
influence of horlzontal center-of-gravity location on the motions
ag has been shown by the compubtations summarized in figure 17.

Longitudinel hydrofoll spacing.- Indiclal responses for sither
a wnlt Cy-disturbance or a unit Op-disturbance applied to a
systen of two equal hydrofoils spaced 20cj are glven 1n figure 22,
The horilzontal center-of-gravity location in figure 22 ig at 0.351,
vhich is the same percentage of 1 that was nsed in figures 18
end 19, and other condltlons are alsoc the same as for figures 18
and 19. Figure 23 gives data similar to the data of figure 22
except that the spacing has been incresased to 100cy . Comparison of
figures 18, 19, 22, and 23 indicates that inoreesing the hydrofoil
spacing tends to increase the restraint in pltching and thus
reduces the response in all degrees of freedom for pitching-moment
disturbances, and in all but vertical moticns for Z-force disturbances.
The effect of increasing the hydrofeoll spacing on the motions suggests
that the spacing should be as large as is practical, in order to
reduce the response to a given disturbance. Figure 24 shows the
significance of 10c,, 20c;, and 100cy spacings if the hydrofoll
systeme were sttached to a typical flying bhoat.

LATERAL MOTTONS

Lateral stebility for flying boats has not generally been a
serious problem up to the present time; hence the present investiga-
tion of the lateral characteristics of hydrofoils was brief and
made chiefly to check the lateral stability of typical hydrofoil
arrangements assumed in much of the study of longiltudinal stsbility.

In the present Investigation all the lateral atability
calculations were made for & hydrofoll system consisting of two-
ldentical hydrofolls of rectangular plan form, each having
rectangular tips, 30° dihedral, and an aspect ratio of 6. The
center of gravity was assumed to have a horizontal location 0.351
behind the hydrodynemic center of the front hydrofoil. The rate
of change of downwash at the rear hydrofoll was assumed to be zero.
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The mass of the hydrofoll system was the same as thet assumed for
the investigation of longitudinal stebility. The study was confined
to what was considered the ideallzed case, where the supporting
struts have no influence on the cheracteristics of the hydrofoil
system. The method of treatment for the lsteral motions wes similar
to that used for the longitudinal motions and is described in detail
in the appendix.

The effects of changes in the vertical locatlion of the center
of gravity and changes in the longitudinal specing of the hydrofolls
on the labteral stability roots are indicated by the data of the
Pollowing table:

&

(c:irds) (chzrds) Lateral stabllity roots:
2.5 10 | ol -0.5uk +1.1208 | -0.472 +.0.2081
5.0 10 0 | -1.715 * 0.5231 | -0.242 * 0.1011
5«0 20 "o | -2.27k + 1,9581 | ~0.221 |-0.202

The zero root that is listed for each met of values of 2
end 1 in the table results because the system is Insensitive to
heading; that is, the performance does not depend on the initial
direction of travel. The remalning rootas listed are elther negatlve
or have negative real parts in the case of complex roots, which
indicates that ell the systems investigated were laterally stable.
Instebllity was expected in the two cases with the higher center-
of-gravity location, but apparently the stabilizing effect of the
rolling moment that is developed when the system i3 banked (defined
by the value of the derivative 3C3/3f) outweighs the effect of the
higher center-of-gravity 1ocation. Check celculations made with
BC;/B¢ reduced to nearly zero but with other conditions the seme
ag for the second case in the teble showed pronounced lateral
instability. From the foregoing results the value of 3Cy/3¢
appears to have an important influence on lateral stability. The
velue of this derivatlive 1s likely to depend on the depth of immersion
of the hydrofolls; therefore it may impose a coupling between ‘the
longitudinal end the lateral motions and thus prevent relilable
predictions of the lateral behavior when the longltudinal motion
is ignored. In contrast, none of. the longitudinal derivatives
appears to be appreciably affected by lateral motiana._d
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The date given in the table indicate that railsing the center
of gravity and increasing the longitudinal sepacing of the hydrofoils
both Increase the total damping in the hydrofoll system, but the
practical value of the Increase in damping cannot be determined
except from a study of the respomse factors involved., Such a study
does not seem feasible mmtil experimental checks are made on the
velidity of oertaln of the assumptions mads in developing the theory
for lateral motions.

SUGGESTIONS FOR FUTURE RESEARCH

The present study is based on the assumption of small
d@lsplacements. Because of the nonlinearity of many of the derivatives
involved, any appreciable departures from the assumed spesd, depth of
immersion, and other factors may cause marked. changes in the dymamic
characteristics of the system. Studies of maneuvers, such as take-
offs, of hydrofoil gystems msy consequently require step-by-step
treatment. The  development of methods of studyling the combined
motlions and determination of the effects of changes in forward speed,
hydrofoll loading, and moments of inertia on the motions also appeers
desirable. 'For seaplanes the interaction of hydrofoils, hull, and
aerodynemic surfaces must be considered. Other factors that should
receive attention are the influence of the hydrofoil supports
(particularly on lateral motion), the effgcts of power, and the
nature of the downwash near a free surface.

CONCLUDING REMARKS

"A théoretical investigation was made of tandem hydrofoil -
arrangéments, based on the lifting-line theory. The conclusions
which follow apply to only the longltudinal behavior, inesmuch as
the computations made were insufficient to justify definite conclusions

regarding the lateral motions,

1. The longitudinal hydrofoil spacing should be as large as is
feasible, E ' - :

2. Thé rate of changs in 11f% with change in depth of immersion
of the hydrofoils ghould be large. Dihedral appesrs to be
adventageous, 1f the hydrofoll is partly Immersed, because with
d1lhedral there is & larger rate of change of 1i1ft with change in
immersion, The rate of change of 1ift with fmmersion will be
Insufficlent for hydrofoils with no dihedral wnless the area isg
composed of several pemels in a multiplsne arraengement.

-
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3. The rear hydrofoll ares should be as large as, or larger
than, the front hydrofoll avea 1f large veriations in center-of-
gravity location are to be accommodated when the longitwiinal
hydrofoil spacing is small (of the order of 10 chords). With
apprecisbly lavger spacings, the arrangement with the main surface
forward appeers to be sufficiently steble and should be more
officlent than the other arrangements.,

4, The choice of horizontel center-of-gravity location should
be based on considerations of the resultant characteristics of the
longitudinal motions and the hydrofoil loading. The location should
not be ghead of the hydrodynemic center of the front hydrofoil, in
order to avold wundesirable loading. The locatlon should be as far
ahead of the rear boundary of the stable region as is feaslible
without incurring objectionable oscillations. The best compromise
from this latter standpoint appears to be a location near the center
of the stable region. For two equal hydrofoils in tandem the best
location appears to be back chbout 35 percent of the distance between
the hydrofolls, :

5« If the effects of power are neglected, the vertical center-
of-gravity location eppears to be of little lmportance, low locations
belng somevwhat advantagsous.

6. A reduction in the piliching radius of gyration will cause
an appreciable increase in the range of horizontal center-of-gravity
location thet will be stable.

Langley Memorial Aercnautical Leaboratory
Netional Advisory Commitiee for Aeronautics
Langley Field, Va., May 9, 19kt
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APPENDIX

METHODS OF THEORETICAT, TREATMENT

SYMBOIS
h.c. hydrodynamic conter
C.8. center of gravity of hydrofoll system

=y Y=, Z-axes rectilinear refercnce axes flxed Iln hydrofoil
gystem, with origin located at center of
gravity (The X-exis is alined ih the direction
of the initially undisturbed motion. The initial
posltion of the Y-axis is directed horizontally
to the right. The Z-axis is directed downward.)

XY, 2 forceg along X—, Y-, and Z—-exes, respectlvely
L, M, ¥ moments about X-, Y-, and Z—-exes, respectively
Zl-axis axis, directed vertically downward with respect

to the earth from origin located at center of
gravlity of hydrofoil system

Zt displacement elong Z'-axls

@, e, V¥ " angular displacments of reference axes from
initial positions, radians (see fig. 25)

o, B angles, In radlans, glving instantensous orlientaticn
of reference axes with respect to path of motion
(see fig. 25); thus o is angle of attack
and B angle of sglideslip at center of gravity

v linear veloclty of center of gravity

Q angular veloclty of hydrofoll system about center
of gravity, radlens per second

U, v, w components of V along ¥—~, ¥—, and Z-exes,
respectively

P, gy T components of § ebout X—, Y-, and Z-exes,
respectively
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weight of hydrofolil aystem
mags of hydrofoll system

radli of gyration of hydrofoll system about
regpective reference axes

density of waber

subscript uged to designate front hydrofoil in e
gystem of two hydrofoils in tandem

subscript used to deslgnate rear hydrofoll In e
gystem of two hydrofoile In tendem

total projected area of immersed part of hydrofoll
system under conditions of steady undisturbed
motion

total projected erea of nth hydrofoil

chord of nth hydrofoll

span of nth hydrofoil

aspect ratio of nth hydrofoll

dlhedral angle of nth hydrofoil, in radians unless
specified otherwlss

dihsdral angie when angle 1isg same for all hydrofolls
in system

sngle of attack at hydrodynamlc center of nth
hydrofoll, redisns

induced angle of attack et hydrodynamlic center
of front hydrofoll, radisns

downvash angle at hydrodynamic center of rear
hydrofoil, radlans

rate of change of ¢ with a
rate of change of ¢ with qcq/V

angle of sidegllp at hyd:rodynamlec center of nth
hydrofoll}, radians _
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nondimenslonsl rolling veloclty at hydrodynamic
center of nth hydrofolil, besed on local rolling
velocity in radians per second, bp, end ¥

nondimenslonal yawing veloclty, with definition

similar to that for P%)

n

11t on hydrofoll system, measured at center of
gravity in direction perpendicular te V and
converted to coefficient form by dividing

by —p VQS

_1ift on nth hydrofoil, measured at hydrodynamio

center of hydrofoil under consideration in
a direction parallel to CL and converted to

coefficient form by dividing by Je-pwves

1ift on nth hydrofoil, measured at hydrodynamio
center of hydrofoil under consideration in
direction perpendicular to local relatlive motion
and converted to coefficient form by dividing

drag on nth hydrofoil, measured at hydrodynsmic
center of hydrofolil under conslderation in
direction parallel to leoccal relative motion
and converted to coefficient form by dividing

by lpv2

welght of hydrofoil system converted to cosfficlient
form by dividing by %pwﬁes

side force on hydrofoil gystem, measured at
center of gravity in direction of Y-axis and
converted 4o coefficient form by dividing

by §p VES
slde force on nth hydrofoil, measured at hydro—

dynsulc center of hyrdrofoll under consideration
in direction parallel to Y-—axis and converted

to coefficient form by -dividing by %pWVESn



NACA TN No. 1285 19

-coefficlent. of Z-force, with definition similar

Cz
‘ to that for CY :
CZ rolling moment gbout X--axlg, convertsd to coeffic_ient
form by dividing by %pwvi‘stal
(CZ) rolling moment at hrdrodynamic center of nth hydrofoil
n ebout axls parallel to X-axis, converted to
coefficient form by dividing by o V25 b
2
Cm pitchlng mement about Y—axis, converted to coefflcient ’
form by dividing by %o So
Cy
coefficients of yawing moment, with definltlons
(On) similar to those for C; and (CZ) s respectively
n n
Cr, the derivetive dC, /3%l
dn - In v
Xy X—component of distance from center of grevity to
hydrodyrnamic center of front hydrofoil, cy~units
Xo X~comrsonent of rlistan.ce from hydrodyasmic center of
rear hrdrofoil to ceater of gravity, dl—u.nits
1 distence between hydrodynamic centerz of the two
hyirofoils measured parallel to X-axis, cy—units
Zn Z~component of distance from center of gravity to
kyurodyneric center of nth hydrofoll, cl—units
Zq operaiing depthy dlstance from waber surface to
n hyérodynaaic center of nth hydrofuil during
steady uadisturbed motion, Cp—-urits
Zo opereting depth when depth 1s same for all hydrofolls
in systen
ry parameter of nth hydrofoil used to determine value

of 3(cy) n/a%)n
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Y-component of distence from hydrodynamic center
to centrold of 1ift on one panel of nth hydrofoil,
bp-units

vertlcal displacement of center of gravity during
disturbed motions, ¢-units

vertical. displacement of hydrodynamic center of nth
hydrofoll during disturbed motions, Cp-units

mass of hydrofoil system, 2p,Sc;-units
mass of hydrofoil system, %QWS'PJ_-'}JI_!IitB
railus of gyration gbout Y-axis, cq-units

radil of gyration about X~ end Z-axes, respectively,
by -units

times, seconds

time, c¢1/V vnits (To convert nondimensional
time Into second units use 1t = sccl/V‘ » The g4

time scale may alternatively be converted into
dista.nc? traversed 1f values of s, are multiplied
by Cq

time, by/V unite

s8tabillty root, with various numerical subscripts
uged to distinguish the different roots

disturbance function; a Z-force of varisble magnitude,
time hisgtory of which 1s indicated by form of
Punction (The complete description of any arbitrary
disturbance acting on the hydrofoll syastem may be
expresssed by use of this and the additional
disturbance functioms M(t), 7Y(t), IL(t), and
N(t), with definitions similar to that for Z(t).)

nondimensional disturbance function, similasr
to Z(t) but with force expressed in coefficient
form and with time in nondimensionel units
(Similar definitions apply to Cp(s,), Cy{sp),

CZ(E'b) » and Cn( sb) ')
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a,, z2t,, 6, indicieal responses glving motions in o, z?,
and 6, vrespectively, caused by sudden
application of unit Cy—disturbance to
hydrofoll system
Cps 2Ty Op indicial responses glving motions in ao, z', .and 6,
respectively, caused by sudden application of
unit Cj—disturbance to hydrofoll system
ki empirical constant used to determlne value
of B(CL)n/Bz‘n -
ke, k3 empirical consEants uged to dotermine value
of B(CL)n/oan
y » k5 empirical constants used to determine wvalue

of B(CD)n/an

Iongitudinal Equations of Motion

The longitudinal motions of the hydrofoll system are referrsd
Yo the system of axes described in the list of symbols. The cholcse
of axes that correspond to those customarily employed in studies of
elrplans stability should facllitate extension of the present hydro—
Toll theory to include the effects of asrodynamic surfaces. The
equations of motion sre based on the assumption that the hydrofoll
system cen be replaced by a particle at its center of gravity having
a mass m eand radll of gyration kys ky, kZ gbout the respective

reference axes equal to those of the hydrofoll system. The analysis
is also based on the agsumption that the velocities V in the
direction of motion and u along the X-axis ares constent and that
departures from the initial conditions of motion are small. The .
further assumptlion !s mads that the longlitudinal displacements Z!,
8, sand along the Z-axis, in the plane of symmetry of the hydrofoil
system, are independent of the lasteral motions involving the
displacements ¢, ¥, and along the Y-axis. This assumption yields
satisfactory theoretical predictions of the motions of alrplanes in
normal flight and appears warranted, based on the nature of the
deviations Involved, in the treatment of the longitudinal motion

of hydrofolls. TIts application to the lateral motions of hydrofolils
is made with reservatlons, as mentioned in the malin test.
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By the use of D'Alemberts principle, the following equations
of eguilibrium at the center of gravity are writbten for the forces
and moments involved in the longitudinal motions:

2, ]
a“z bz &z oz
- mgV = 9Z_ .8 24 L oz{t
mé};ﬁ ng BZ'+_'5:§+qag_ (t)
> (1)

232 _ M oy M
kaa‘gé‘ m+z_a%4_;+eae+qgg+1‘i(t)

where 2Z(t) -and M(t) are arbitrary disturbance functions. The
cquatlions have the same form as the familiar equations of longitudinal
motion for an airplane, except for the addition of derivatives with
respect to Z' eand 6. The equation of squilibrium involving the
X-forces is omitted because u 1s assumed constant. Equations (1)

can be simplified by using W = %ZE o = ‘-Vr-, and ¢q = %% to give
.\]
oz oZ & 9z , Z{t)

- mvé8 - ' &
mV--t- mV _d§_+ZB—T+6¥+ T 53

2 M
gd. a ,aM M
ka ““—" = GS- + Z o

e oM
-E'E{CE + M('b)

—'

If equations (2) are rewritten in a nondimensional form, the solutims
obtained will be genersl in character. The method used to make the
various terms of the equations nondimensional involves expressing all
angles in rsdlens, all forces and moments in the standard NACA
coefflclient forms

Oy = (3)

1, w2
EPWV S
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M
o, =L - )
= 20, V250,

all lengths in terms of the chord cy of the front hydrofoll, all
times in terms of the time cl/v required for the system to traverse

the dlstance ¢y along the path of motion, and the mass in terms
of %prcl uwnits. The nondimensionsl quentities of mass p,,
time s&,, vertlical displacement 2!, eand radius of gyration Ky

about the Y~axis thus bear the following relations to the
corresponding dimensional quantities:

2L |

3"

8. = 6

¢ ey /V D o (.?_

= Z1

z$ o7 (7)

By = o1 (8)

© In equations (3) to (8), p, is the density of water emd S is

the total projected hydrofoll area in the hydrofoil system.

The nondimensional form of equations (2) becomes

L A )
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Algo, from geometric considerations,

%—an—e (10)

In equations (9), Cy(ss) and Cp(s;) ere functions of nondimensionsl

time that describe the epplication of disturbing force and moment
coefficients to the hydrofoil system. The methods used to make the
terms of equations (9) nondimensiomal havo the advantage that the
nondimenslonal equations obtalned retain the same form as the original
force equatlonsy consequently the physical significance of the non-—
dimensional equations should be more readily evident. Solutiong of
motlon obtailned from equations (9) are likewise nondimensional and
may be considered as proportions, appliceble to all similser hydrofoil
systems, and capable of conversion to customary engineering unite in
any glven case by use of the characterisitic dimensions cy and V
pertinent to the specific design.

Steble regions and stability roote for the longitudinal motions
can be obtained from equations (9) in conjunction with equation (10)

by methods discussed in reference 4, The stabllity equation for the
longltudinal motions has the form

eD% + tD3 + DR 4+ dD + o = O (11)
- Boundaries for the stable regions were obtained from the conditions
(vo — 2d)d — b2 = 0 (12)

for the oscillatory bowmdary and .
e=0 : (13)
for the divergence boundary. The quentities involved in equations (12)

end (13) are the coefficients of equation {11), which in turn are
functions of the factors of equations (9) and (10). Thus,

3¢ ' Oy 30y | OC
ea-gi%(-:-:—@+-5—a§§-—a—:-?(5ez+-a-m—z- (14)
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Equation {12) is the familfhr Routh's discriminent, but its expression
in terms of the factors in equations {9) and (10) is considered too
lengthy to be presentsd here.

Longltudinal Derlvatives

Values must be asslgned to the various partial derivatives
appearing in equations {9) before the equations can be solved. No
exporimental values for the derivatives were avallable; hence computed
values were ugsed. The computed derivatives wers evalusted on the
basis of experimental hydrofoll date obtained from resulis of tests
made In the lengley temk no. 1 at various immersions and speeds.

A dlgcussion of the methods used to compute the various derivatives
follows. Data presented in oconmnectlion with the discussion are for
hydrofoils of rectanguler plan form and tips, with en aspect

ratio of 6, and operating et & velocity of 20 feet per second.
Experimental rssults indicate that, for a given angle of abttack,
marked changes in the 1ift and drag coefficients of hydrofoils
occur with changes in speed. The values of the derivatives would
undoubtedly be equelly affected by any pronounced change in speed
from that agsumed in the investigation. ) - .

Chenge in Z-force with vertlcel displacement of the center of
gravity ?Cz/az’.-— I the center of gravity moves downward, the

hydrofolils are immersed deeper in the water. Experimental results
indicate that an increase in the depth of immersion of a hydrofoil
is accompanied by an increasse in the megnitude of the 1ift obtained.
The Increase in 1ift 1s proportional to, and of the same slgn as,
the initiel 1ift. Thus, ,

3,

4
an

! (CI')n ' (15)

Velues of k; are given in figure 26 for a dlhedral angle of 0°

and in figure 27 for dihedral engles of 200 and 30°, The value
of kl depends on the normal operating depth _ zon of the hydrofoll.

The discontimuiilies In the curves of flgure 27 coincide with the
point where the tips of the hydrofoll bresk the surface. In Fig-
ure 26 and subsequent Figures (GL)n 1s based on the total area
of the hydrofoll instead of the immersed area, and zon is

measured in chord lengths of the particular hydrofoil under
congldsrecion,
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The value of naCZ/Bz' for a complete hydrofoll system is the -
negative sum of the values of acIn /E)z' for the individual hydrofolls.

The values of BCLn/bz' for the verlous hydrofoils are derived from
the B@n Bz'n valuee obtalned from figures 26 or 27 by making

proper allowance for the different areas and chords that are used
to meke the various terms nondimensional.

Change in Z-force with angle of atlack acz/ém.—-The value of
the derivative oCp/da is the negative sum of the values
of BCLn/Ba (thet is, the slopes of the 1ift curves) for the

individual hydrofolls. As in the case of <IOy/dz', differences

in the areas used in forming the coefficients mmet be taken into

account when the addition is made. The sleope of the 1ift curve

depends on the depth of immersion of the hydrofoll. Typlcal

variations of the slope are given in figure 28 for 0° dihedral

sngle and in figure 29 for various dihedrasl angles. When figures 28 -
and 29 are ussd to determine the slope of the 1ift curve for the

rear hydrofoil, the value obtalned is with respect to the locsl )

angle of attack apn at the rear hydrofoil. In general the valus -
of oo 1p less than that of o (measured at the center of gravity)

by the amount of the downwash angle € at the rear hydrofoil. The
slope of the lift curve for the rear hydrofoll must be corrected
for downwesh to give the required slope with respect to a. The
correction is applied by multiplying the slope obtained from

figure 28 or 29 by the factor 1 — €y, Wwhere €, has some value

in the reange ’

3
Oéemé—%_—% (16)
Aj 5“1

In egquation (16), Al is the sspect ratio of the front hydrofoll
and a@L)l /aml is the lift-curve slope obtalned from figure 28

or 29 for the front hydrofoll.

Change in Z—force with pitch abtitude BCZ/SG.— A change in .

the pltoh attitude of the hydrofoil system will cause a differential
chenge in the depth of immersion of the hydrofolls. The effect on
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the Z—force many be egtimated from the geomstry of the system and
the date of figures 26 and 27; thus, for two tandem hydrofoils

3 5 200, 5030, an
% 8 dar, 1 8 cp 3t

Change in Z-force wlth pitching velocity BCZ/BQ%l.— The chief

effect of & pitching velocity about the center of gravity of the .
hydrofoll system ls to cause a change in local angle of attack at

each hydrofoil. The changs In effective camber for the pltching

hydrofoill introduces a small addltional component of vertlical Torce.

(See reference 5.) The total effect for two hydrofoils in tendem

may be assumed to be

acz' = -0y, -0 (18)
AN A
v
where
: o{C
51 (\L)l
chl 5 (=%, + 0.5) (19)
d

Cr, —(-05-2 ( ~ €, + O. 5—2 (20)

q2 .

In equations (18) and (19), B(QL) /BGE ie the lift-curve slope for
2
the rear hydrofoll, based on the local angle of attack ap; Xy and
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X, &are the X—compeonents of the locations of the front and rear

hydrofoll hydrodynemlic centers from the center of gravity expressed
in terms of YE and g 1ndicates the rate of change of downwasgh

sngle et the rear hydrofoll with change in nondimensional pltching

velocity qop/V. The value of € Will be in the range

2CLq
05 ¢ S 2L (21)
¢ aay

Change in pltching moment wilth vertical displacement of the
center of gravity ac z!',~ The chang=zs in 1ift, menticned in the

discugslion of the change in Z-force with vertical dilsplacement of
the center of gravity, produce moment chenges ebout the center of
gravity, the megnitude of which depend on the X—components of the
distances of the hydrofoll hydrodynamlc centers from the center of
gravity. The drag also Increases with deeper lmmersion of the
hydrofolle, Analysis of the data obtained in Iangley tank no. 1
Indicates that the change in drag can be expressed as

--g-?ln EQJL): + Iy (22)

Values of k, and k:3 are given in filgure 30 for 0° dihedral

engle and in figure 31 Ffor 30° dihedial angle. The drag changes
miitiplied by the Z—components of the distances from the center
of gravity to the hydrofoll hydrodynamic centers glve the drag
contributions to the change in pitching moment, For two hydro-
foils in tandem

.?EE =51 B(CL)I a@L)a _5 a(C'D):L ’ (CD)
ozt 8 dzf, S °2 62'2 5 ozt 177 02 azf 2
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Chenge in pitching mwoment with angle of ettack d0p/d.—
Physical considerations lead to the expression, for two hydrofoils,

d, s, () s 3(); @QA
—— —S-l aal L Il - -‘S-g' (l“ Gd,) ___E‘- (CII> | zl
_ \ o
82 (1-<q) |(Cr), - (CD e SL)E Z2 (2)

vhers (QD) ig the drag coefficient of the fromt hydrofoil Tased
on the sares’ of the front hydrofoll; (GD) is the drag coefficient

of the rear hydrofcll based on the ares of thé rear hydrofoil;
end zy and z, are the Z—-components of the locations of the front—

and rear--hydrofoil hyrdrodynamic centers from the center of gravity,
expressed In terms of ey.

The slope of the drag curve for each hydrofoil must be known to
determine aCm/Bor. from equation (2k). The empiricel relation

a(oD)n
i Rl (&

was obtalned from an analysis of the experimental data. Values
of k)_!. and k5 varied with the depth of lmmersion of the

hydrofoils in the manner shown in figure 32 for 0° dihedral angle
end in figure 33 for 30° dihedrsl angle.

Chenge in pitching moment with pitch attitude JC/d0.— The

differersclal change Iin the depth of immersion of the hydrofolls
introducsd by a change in the pitch attitude of the hydrofoll
gystem leads to variations in the 11ft and drag for each hydrofoll.
Thege variations cen bs trenslated into s variation in pltching
moment about the center of gravity by nese of the gecmetry of. the
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hydrofoll system and equations (15) and (22). TFor two tandem
hydrofolls

Oy _ G a(CL):L _ 8o 0y _B(CL)Q c2.5 a(013)1
09 5 azt S oy 5z=2 2 S dzty 171
3
%1 (CD)E |
"5 % Tty *2%2 (26)

c
Ckange in pitching moment with pitching velocliy BGm/égvla—-The

only importent contribution to the piiching moment produced by a
piltching velocity about the center of gravity ls that associated
with the change in 11ft on each hydrofoll as a result of the change

in local angle of attack, Thus,

acm saCL) s .-302
v

Lateral Equations of Mction

Ermations expressing the egqullibriume of the forces and momente
involvnd in tke leteral niotlons asre wrltten on the seme asswmtlions
as thoese used to obtaln the longitudinal equatians. The eguationa
of lateral motion are
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= . . . .
24 AL . on, Ok . 3L Y
s dt2=v§+¢a_§+?§§+b§+r‘(t) (28)

wvhere Y(t), IL(t), and N(t) are arbitrary disturbance furnctions.
Equations (28) cen be simplified by using v = =8 5= %,, D= %%’

dt
and :r'=‘i“f to glive
at
~
v [, X
Vd +mvd B-SE+¢(6¢ dtap d‘bal‘+Y(t)
2 - - . .
28 L, 0L, YL, WAL
niley — Baﬂ+¢-a-¢+dtap+dtar+1(t) > (29)
238 g, OV N, W N(t
medt B-B_B-+¢S'¢-+d-bap+dt8r+ (t) )

Equations (29) will next be written in a rondimensionel form similar
to that used for the longitudinai equations. Thus, all angles will
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be expresssd In radlens and all forces and moments In the standard
NACA coefflclent forms

= —L.. (30)

Gy = 'f'J;“"“ (3?)

= ——1— (33)
%pwv Sby

Because of the different basie for forming the moment coefficients
(ef. equation (4)) in the nondimensional lateral equetions of
motion, all lengths will be expressed in terms of the span of the

front hydrofoil by, all values of time in terms of the time by /¥

required for the system to traverse the distance by along the

path of motion, and the mass in terms of %gWSbl units, The

nondimensional mess y,, time a,, and redii of gyration Xy

end Ky thus boar the followlng relations to the corresponding
dimensional quentitles:

Mb e (3’"‘)

50501
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t
s—b=
by /Y
Kx=_k:'¥. i ~
by i
K =I_{Z
2 'bl

The nondimensional form of eguations (29) becomss

. (da %, RPAE: ng N1 e 4
a a

S dﬂb £ % 5 L R

l-l'bKX ds-b2 ) + ¢S—¢f-+ d_sb a’p'b]_ Fyn afgl'!' cz(?’b)
v v

QO Fn Xy

‘-*sze -—-3'- BEEE + =2 4 - * —— + Cn(sp)

ds-bE oF ds,, B'TV.'J"‘ dsy, Vl

vwhere CY(sb) s

33

(35)

- (38)

(37

-

. Cy(ey)

> (38)

Cy(sy), and Cp(sp) eare functions of nondimensional

time that can be used to define the application of any lateral

disturbance to the hydrofoll systen.
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Iateral Derivatives

‘In order to obtein a golution from equations (38), the various
partial derivatlves involved must be given numerical values. No
experimentally determined values were avalilable for any of the
derivatives, and computed values were therefore umed. Ixperience
hag shown that theoreticsl methods are unreliable for obtaining many
of the lsteral stability derivatives of alryplanes. Thig fact,
coupled with the additionel complication of the presence of a free
surface, suggests that theoretical computations of the derivatives
for hydrofolls will be even less satisfactory. TFlaborate theoretical
analyses to obtaln the values of the lateral stability derivatives
of hydrofoils, therefore, appear to be unjustified until experimental
deta are avallasble for use in checking the accuracy of computed values.

For most of the lateral derivatives, the values of the
derivatives were first computed with respect to the hydrodynamio
center of the hydrofoil for motions at the hydrodynamic center; from
the geometyy of the hydrofoll system the derivatives at the center of
gravity of the hydrofoll system for motions at the center of gravity
were obtained. The following discussion will be mainly confined to
methods of computing the lateral derivatives at the hydrodynemic center
of the hydrofoil. Such derivatives can be reazdily converted to
derivatives at the center of gravity of the hydrofoill system by the
use of elementary mechanice when the geometry of the system is known.
' Numerical date presented in commection with the discussion of the
lateral derivatlves were obtained Prom the same sources and the same
operating conditions as those used in obtalning the longitudinal
derivatives. The expressions derived are for. the lateral derivatives
of an "1deal"™ hyvdrofoil system without supporting strute. The presence
of the supporiting strute usvally required will undoubtedly have a
large influence on the values of certain of the lateral derivatives.

Change in Y-force with sideslip acy/EB.- During sideslip the

effective angle of attack ls differentislly altered on each sgide of
the hydrofoll, which changes the 11ift on each half in such a way that
& component of slide force is introduced, This effect is a Function
of the dihedrel of the hydrofoil. In addition, the direction of the
drag Pforce 1s rotated to one side during sideslipping. The sum of
these offects is

3 Cr)n d
,.g.‘;;__ o — ._.B.%.)A r, tea T, - (CD)n (39)
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where (CY) 1s the coefficient, based on §;, of the Y-component
n

of force at the hydrodynamic center of the nth hydrofoil and B,

is the sidesliy angle at the game point., The dihedral angle of
the nth hydrofoil in rediens is indicated by I‘n. The value of

iﬂlﬁ required in equation (39) can be obtained from figures 28

or 29, and the valus of (cD)n is given in figure 3% for 0° dihedral
angle and in Pfigure 35 for 30° dihedral angle.

Change in Y—force with angle of bank 30y/0f.— The value of the
derivative BCY/B¢ was estimated by treating eech panel separately

a8 a hydrofoill of which the dihedral angle, angle of attack, centrold
of 1ift, lift—curve slope, and immersed erea vary wlth angle of bank.
The change in effective aspect ratlo, which should be small for small
changes in bank angle, was neglected, The variation in dihedral engle
and immerged area with angle of bank was obtained, by graphlcal
methods, for banking aboub the center of gravity of the hydrofoll
gystem. The changes in lift—curve slope and centroid of 1ift with
dihedral angle were obtained from figure 36. The value of B(CL) Sty

in this figure 1s for a 1lift coefficlent based on the projected area
of the hydrofoil while banked, rather than on the inltial projected
area, and with the 1ift messured vertically regardless of the bank
attitude. The latersl displacement of the centroid of 1lift from the
Juncture of the hydrofoil panels is given by the value of Yon in,

Pigure 36. In order to make ycn nondimensional it 1s expressed in

terms of twice the prolected span of the banked panel. The new angle
of attack of the panel after & change in bank 1s

= “0 cos I’y sec I (10)

where the subscript O refers to the initial valuves for the hydrofoil
panel, and I and o are the values of the dihedral angle and angle
of attack of the penel after a change in bank. (Note that I' =g x ¢,
where the sign depends on whether the left or right panel is mvolved..)
Equation (40) and the values of (cL) ru/aan end o  Obtained from

figure 36 can be used to determine the megnitude and point of
application of € for each banked panel. The value of Cy for

the benked hydrofcoil is then determined by rules of simple mecha.n:lca.
The value of BCY/B¢ is obtained graphicelly by plotting the values
of Cy determined for several velues of ¢ and measuring the slope
of the resulting curve.
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Io)
Change in Y—force with rolling velocity acy/b%-l-'- An estimation

pb
of the value of the derivative aCY/B-Ev.l wag obtalned on the

aggumption that the side force would be zero for rolling of the
hydrofoll ebout its effective center of curvature in front elevation.
The derivative for rolling sbout the center section of the hydrofoil
can then be obtained by an expression of the form '

o0r), . A%,
@), " -

The parameter 1, is given in figure 37 for various dihedral angles.

rb
Change in Y—Porce with yawing velocity aCY/B-—‘-rl- The derivative

rb
acy/a-v—l- was assumed to be zero for yawing about the hydrodynemic
center of the hydrofoil.

Change in rolling moment with sideslip OC,;/dB.— The diffsrentiel

change in 1ift, produced on each panel of a hydrofoil during sideslip,
introduces a component of rolling moment about the center section.

An additlonal component of rolling moment arises because.ths péint of
application of the side force produced by sideslip lies above the
center section, The sum of these effects is

Bn)n=ycn<-—§;2npn+—a%;—)ntanl‘n (42}

whers Yoy, ig obtained from figure 36 and B(CL) /Bcrh from figure 29.
n

Change in rolling moment with angle of bank Bcl 3¢.~ Increments
of C; eand Cy, caused by a change in engle of bank, ¢en be computed
by methods outlined in the discussion of d0y/df. These increments,
when multiplied by appropriete moment arms (expressed in gpan

lengths), are used to obtein a plot of C; against ¢, from which
the value of 3C3/3¢ 1is measured.
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pb
Change in rolling moment with rolling velocity oC, /3-31'-.-
Reference 6 gives -0.2 as an average value of the derivative

BCZ/BI-).—;,J- for a canventionsal alrplane wing. The value for a hydro—

Poil will probably be somewhat smaller, but in the absence of
experimental data the average valus mentioned was used for rolling
of the hydrofoll sbout 1ts center section.

b
Change in rolling moment with yawing velocity 302_/61'—;-.- The

everage value

B(CZ)E } @L)’n
a(-f% 8

(43)

rb
was used for the derivative oC,; /B-qvl- Reference 6 indicetes that

this value is sultaeble for wings with moderate taper, and the loss
of 1ift on parts of & hydrofoll thet approach the surface would
result in a similar 1ifi dlstridbubtion if the hydrofoil had dihedrel.

Chenge in yawing moment with sideslip OC,/dB.— During sideslip

the 1lift vector for each panel of a hydrofoil remains perpendicular
to both the hydrofoll leading edge and the direction of motion.
Hence, the projection of the 1lift vector on the horizontal plane ~ ° .
rotates forward for the leading panel and rearward for the trailing
panel. The resulting couple about the hydrodynamic center of the
hydrofoll ile

3 (cn)I1

S ~-(Cp),, Ve, b Ty (k)

Chenge in yewing moment with angle of bank JC,/df.— If, during

banked motion of a hydrofoll, the centroid of drag for each panel is
assumed to have the same location as the centrold of 1ift and if the
additional assumption is made that the variation of drag wilth 1ift is
the seme in the banked attitude as for zero bank, OC,/O0f can be

computed by methods similar to those used for aCy/0f and 3C,/3f.
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b
Change in yawing moment with rolling velocity Bcn/égﬁl.- The
sverage value glven in reference © for an elliptical distribution

b
of 1ift was used for the derivative 302/52;;. Thus

o
2@, (o - "%

a(l’.‘!;,)n 16

(k5)

The elliptical loading wes assumed to approximate the loss in 1ift
over the tip parits of a hydrofoll with dihedral and with the tips
et the water surfsace.

. rb
Change in yawing moment with yawling velocity Bcn/%ﬁvi.— The
value -

ew), (),

® Y

appears to be a sultable approximation to the expression given by
Gleuert for elliptical wings (sse reference 6) and hence was used in
the ocelculetions. The selection of elliptical loading was based on

the seme considerations ae for the derivative aCn/SE%l.
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